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Turning Elliptic Orbital Planes via Intermediate
Thrust Spherical Arcs

Dilmurat M. Azimov* and Robert H. Bishop'
University of Texas at Austin, Austin, Texas 78712

Analytical solutions of the canonical equations for the variational problem of determining optimal spacecraft
motion in a central Newtonian field are obtained. The solutions describe motion on a sphere with intermediate
thrust and can satisfy necessary conditions for optimality. It is shown that such classes of intermediate thrust arcs
can be used in the problem of minimizing the characteristic velocity of a maneuver to turn an elliptic orbit plane
with respect to a given line having a known angle to the line of nodes. Computations show that, from the point of
view of fuel expenditure, the turning maneuver via an intermediate thrust spherical arc is comparable to the cases

of one, two, or three impulsive maneuvers.

Nomenclature

Al Ay = apogee locations
a,o, Ao, Ajp = constants
c = exhaust velocity
[ = eccentricities
Sfu = true anomaly, deg
H, E = junctions where impulse is applied
i = inclination of elliptical orbit, deg
J = performance index
l = unit thrust vector
LH = turning axes
L, 13 = components of unit thrust vector
m = mass of spacecraft,kg
P, P, = perigee locations
p = semilatus rectum, km
0, 0, = location of nodes
q = dimensionless auxiliary control variable
r = position vector
ro = perigeerange, km
T = apogeerange, km
T = total maneuver time, s
t = flight time, s
u = angular distance from ascending node, deg
v = velocity vector
x = state vector
oy = angle of turning, deg
B = mass flow rate, kg/s
AV = characteristic velocity, km/s
Av = magnitude of impulse, km/s
AA = angle between lines O, Q> and Q' 0}, deg
8 = elevation,deg
0 = azimuth, deg
A = vector multiplier conjugated

to spacecraft’s position
Ay = primer vector
Ay Ao, Ag = components of primer vector
A4, As, he = multipliers associated with A,
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multiplier conjugated to mass

gravitational parameter of central body, km3/s?
angle between lines A; Py and LH

longitude, deg

= argument of perigee, deg

R
I}

Introduction

S is known, an optimal trajectory of a spacecraft moving

with constant exhaust velocity and limited massflow rate in
a Newtonian field may contain null thrust (NT), intermediate thrust
(IT), and maximum thrust (MT) arcs.! The appearance of IT arcs is
a degenerate case with added analytical difficulties connected with
determining the state and control variables>* However, consider-
able progress has been made in the development of an analytical
theory of IT arcs and their application to orbital transfer problems.

Early published works on IT arcs are due to Lawden.! In the case
of free-flight time, Lawden obtained analytical solutions known as
Lawden’s spirals. It was later shown that IT arcs can be analyzed
using two approaches: 1) a second variation test and 2) a transfor-
mation approach that provides a method with which to investigate
members of a family of IT arcs, including Lawden’s spiral.> Since
the 1960s several works have been devotedto IT arcs. (See Refs. 3-5
for more details.)

Associated with the possibility of determining analytical solu-
tions, there are other interesting questions about the optimality of
IT arcs, their junction with other thrust arcs, and their applicability.
Necessary conditionsof optimality of I'T arcs have been obtained us-
ing the magnitude of the primer vector,* the second variation test for
the control parameters that lead to higher-order conditions, known
as the generalized Legendre-Klebsch condition (Kelley-Contensou
test) (see Refs. 2 and 5). On the basis of these solutions, it was shown
that Lawden’s spiral® is nonoptimal ** Sufficiency conditions of the
optimality of IT arcs are associated with the existence conditions
for a solution to the standard matrix Riccati equation (see Ref. 5).

Further investigations of optimal trajectories show that the equa-
tions of motion of a spacecraft and stationary conditions can be
rewritten as a 14th-order canonical system of the equations of mo-
tion foreach thrustarc.® Therefore, integrationmethods of analytical
mechanics canbe employedto find closed-formsolutionsfor a thrust
arc.®7 Ttis assumed that these solutions can describe a reference tra-
jectory that further could be used in explicit guidance techniques.
From this point of view, a revelation of principal difficulties con-
nected with finding first integrals of the canonical system is espe-
cially important. It was shown that, in the case of three-dimensional
IT arcs, the main difficulty of solving this system in quadratures is
finding only one first integral.® The investigationof IT arcs through
the canonical system of equationsleads to a descriptionof classes of
analyticalsolutions. For example, analytic solutionsfor circularand
spherical trajectories® and spiral trajectories”'” have been found.

One of the advantages of utilizing the canonical system is the
application of Hamilton-Jacobi integration theory, which leads to
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analytical solutions for three-dimensional IT arcs through quadra-
tures. It has been shown that the invariant relations of this system
make it possible to find six classes of analytical solutions for spiral-
shaped IT arcs.!"!

In regard to the optimality of IT arcs, note that extremals have
been investigated in terms of satistying the necessary conditions of
optimality. In particular, it has been proven that some classes of spi-
rals can satisty these conditions. However, it has been shown that
Lawden’s spiral’ is not a solution to the problem if the minimizing
functionaldoes notexplicitlydepend on angulardistance.” Concern-
ing the applicability of IT arcs, analytical solutions to fuel-optimal
transfers between given intersectingand coaxial elliptical orbits us-
ing spiral IT arcs have been found.’~!" The problem of spherical
motions and their application for various types of boosting devices
was discussed by Lurie'? and it was shown that particular solutions
for spherical trajectories can be described through the Levi-Civita
method (see Ref. 8).

This paper is devoted to the investigation of spherical IT arcs,
their optimality, and applicability. Analytic solutions for spherical
IT arcs have been found using a Poisson bracket, invariantrelations,
and first integrals of the 14th-order canonical system of equations.
These solutions generalizeknown solutions for the spherical motion
with intermediate thrust. As an example, the problem of turning an
elliptical orbit plane via a spherical IT arc is discussed. The func-
tional to be minimized s the characteristicvelocity of the spacecraft.
Itis known that the orbit transfer characteristicscan be analyzed by
the ideal impulsive thrust. This implies the velocity required to ac-
complishthe maneuveris attainedinstantaneouslywithoutchanging
the spacecraft’s position. This assumption may be admissible for a
preliminary mission analysis but is not appropriate for analysis in
the general guidance problem.'® Thus, it is important to find ex-
plicit solutions for a thrust arc that would be used to achieve the
mission objectives, instead of applicationof the impulsive thrust. In
this context, the spherical IT arc is applied in the example to turn the
elliptic orbit plane. For comparison, one-, two-, and three-impulse
solutions are considered. It will be shown that for some turning an-
gles and specified orbits, using the spherical IT arc is comparable
with impulse turning.

Statement of the Problem

The equations of the Mayer variational problem of determining
the spacecraft optimal motion in a central Newtonian field may be
given in the form (see Refs. 1 and 7)

v=(cB/m)l— (u/r)r, F=v,
A= (u/rHX =3 /AN Pr,

where r=(r, 0, 0) is the radius vector of the spacecraft with the
origin at the attracting center, v = (vy, v,, v3) is the velocity vector,
I = (I}, I, I) is a unit thrust vector, m is the mass of the spacecraft,
B(0 < B < B)isthe mass-flow rate, c is the constantexhaustvelocity,
A = (A1, Ay, A3) is a vector, conjugated to v and known as the primer
vector,! A, with the componentsdefinedin the nextsectiondenotesa
vectormultiplierconjugatedto r, and A; is a multiplierconjugatedto
m. The componentsof all vectors are given in a spherical coordinate
system (7, 6, §) with the origin at the attracting center.

The convention adopted here is for vectors and matrices to be
boldface and scalars to be italic type. For example, the magnitude
of the vectorr is denoted by r, and r; represents the ith component
of r. The vectorinner (dot) productis denoted by transpose, and the
cross-productis denoted by x.

The mass-flow rate 8 and the componentsof the unit thrust vector
satisfy the equalities

BB —PB)—q*=0,

We consider 8, g, and [;, i =1, 2, 3, as piecewise continuous con-
trol functions. For simplification, all variables are denoted by x;,
i=1,...,7,thatis, the components of v are denoted by x;, x,, and
X3, the componentsof 7 are denoted by x4, x5, and x¢, and the rocket
mass is denoted by x;. It is assumed that the initial and final condi-
tionsare givenby x; =xjo, j=1,...,7,andx, =x,,,n=1,...,1,
wherel < 7.

m:_ﬂ7 A:_)\)

A7 = (cB/mHANTL (1)

B+LE+05=1

It is required to find the time histories of B, g, and /; such that
x; satisfies the equations of motion, the constraints for the control
parametersindicated earlier, and the initial and final conditionsand
that minimizes the given functional J (x; 1.1, X4 2.05 -+ -, X7.1)-

From the analysis of the necessary conditions of optimality, it
follows that, as already mentioned, the optimal trajectories may
consist of NT, IT, and MT arcs.! It is also known from the analysis
of the Weierstrass condition that'

I=X/M

from which it follows that the system in Eq. (1) can be rewritten in
the following canonical form>°:
. 0H . oH

= —, )‘-i:__ l:1,,7 2
vy 2)

X; ,
0x;

with the Hamiltonian
H=—u/r)Ar+Alv+ xB
where
X = (¢/mA1— ks

is the switching function defined by the following conditions: 1)
x <0 on the NT arcs, where 8 =0; 2) x =0 on the IT arcs, where
0 < B < B;and 3) x >0 on the MT arcs, where 8 = .

If g #0, the intermediate values of § are accessible. It has been
shown that, if the thrust is constrained, the the optimal trajectory
may not contain the IT arcs except for some particular cases.* An
IT arc can be used as a part of the trajectory if impulsive thrust is
allowed, whereas a combination of the NT and MT arcs is possible
without need of impulsive thrust at junctions.!* One can find some
examplesof extremal solutionsthat show thatthe combinationof NT
and IT arcs without impulsive thrust exist =2 More information on
the structure of the optimal trajectories may be found in Robbins’s
work.*

First Integrals and Invariant Relations
For IT arcs, the following first integrals hold®:

2 2
v v Vivy VY
)\1(_%+_2+_3) _)\Z(g_ﬁtan(g)
r r r r r

2
—A3(ﬁtan8+vlv3)+)\4vl+)\5 2B oc
r r rcosd r
VX A+r XA =A(A, Ay, Aj) (3)
or, expanding this equation, we have
A3vy(cos6/cosd) — Ayv3(cosB/ cosd)
—Ascosftand + Agsinf = A, “)
A30,(sinf/ cos ) — A,v3(sinf/ cosé)
— Assinftand — Agcosf = A, 5)
hs = Aj (6)
and also
)\.7m = Cz (7)
M= HMN+HA =6 )

)\11}1 +Agv2+A3v3—2)\4r—c)\€n(m0/m)+3Ct:C1 (9)
where
v A vy
)\,- = )\4, )\1— + —(U3 tand — Ul) - )\3— tan
r r r

A v v A
s By _6}
7 Ccoséd r r r
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C,C,, Cy, C3,and A(A;, Ay, Ajz) are integration constants and Aq,
As, and A¢ are multipliers conjugated to r, 6, and 8, respectively.
The integrals Eqs. (3-9) are well known in the literature in different
forms.' =8 In particular, the known complete set of the integrals has
been described by Pines.” The integral in Eq. (3) is known as the
Hamiltonian of the canonical system. The integrals Eqs. (4-6) are
the scalar form of the vector integral that can be obtained directly
from the spherical symmetry of the Newtonian field. The integral
Eqgs. (7-8) describe the main characteristics of the IT arcs, that is,
the switching function is identically zero and the magnitude of the
primer vector is constant over a nonzero time interval. The integral
Eq. (9) is the only known integral that contains time explicitly and
can be derived using Eqs. (1) and (3).

Use of the invariant relations is important in investigation of a
canonical system.14 For the arcs considered, the condition x =0
must be satisfied in nonzero time intervals, that is, the derivatives of
all orders of the switching function must vanish. In particular, the

following equalities hold*'2:
x=A"A=0 (10)
i=AA-u{cz/r =307 =0 (11)

X =2 [CHTE+ 20N r + N | = STEA P =0 (12)
x @ = cBAPIBA? = SATP) T+ mA[r*A* = 5(A"r)’]
X FTF— /1) + [BC(t — t,) + Csc ba(mg/m) + C,1r?
x {3CI = 1) + Cac tamo/m)1 + C1 + AT#} — AP ("#)
+ " HRATF =5 TH] =0 (13)

Spherical IT Arcs and Their Optimality

It is known from Poisson’s theorem that if I, =I,(x, A, q;) and
I, =L (x, A, g2) are two integrals of a canonical system, where ¢,
and g, are arbitrary constants, then the Poisson bracket of these
integralsis an integral of this system.!* The theorem provides a new
integral only if the /; and I, are specifically related to the canonical
system. From the definitions, the invariant relations are constant
during the motion. Thus, they can be used to form the Poisson
bracket.'* When the components of the vectors A and A, are taken
into account, the relations Eqs. (10) and (11) may be rewritten in
the form

L =X\ =0, L= +3u/r)YA'r)? = (u/r =0

Forming Poisson’s brackets from the left side of these equalities
yields'

(I, B) =9 /r)YAN'HA = 15(u/rHA'P* =K, (14)
and
[y, (I, )] = 105 /r")(ATr)*

—=90(u/r YA 1?22 + 9 /r7)rt = K, (15)

where K| and K, are constants. The relation in Eq. (15) can be
considered as a biquadratic equation in terms of A”r. The solution
of this equation has the form

ANr= r\/%xz + \/K2r5/105u +24)4/245 (16)

Substituting Eq. (16) into Eq. (14) yields a 16th-degree equationin
terms of 7:

15 18 828 8460
K4 16 _ K'i 15 KZK )\-2 13 KZ 2)\-4 10+
Y T VT YT
324 1409 1749091
KZ 296.8 348 K 5 41 —
x K A’r —2401u A = o +—49 HUA 0

Itis known thatif the first coefficient and last term of the polynomial
equation with real coefficientshave differentsigns, then the equation

has at least one positive root. In this case, spherical motion will
occur, that is, the relations in Egs. (1-15) are satisfied by r = const.

ConsiderIT arcs thatlie on a sphericallayer with radiusr = const.
From Eq. (12), it follows that

AW'PHEA r+ATH =0

which yields the equalities
A1 = const, —2A47 + Xovy + A3v3 =0

Ay =0, Mvy +Azv3 =0 an

The second-orderdifferentialequation for the primer vectoris given
by!

A= —(u/rHX+ Cu/r YA Pr

The projection of the equation for the primer vector in the direction
of the radius vector yields the following relationships:

(cB/m)r =3(u/rP )y if A >0
—(cB/m)k =3(u/rHr  if A <0 (18)
On the basis of Eq. (17), it follows that
C=u/rHr (19)

Here A, and C must have the same signs. Integrating Eq. (18), and
using x = 0, we obtain

m = mgye", A = (ch/mg)e™" (20)
where A, <0 and
h = 3(;M1/r2ck)

The other solutions of the system Eq. (1) for IT arcs can be ob-
tained in the following manner. First, differentiating the relation

A3+ 23 =A% — A} = const 1)

and taking into account Egs. (3) and (18), we obtain the equality

v3 = AN 22)
where
B+
Y (322 +22)

Multiplying the relations of Eqgs. (4) and (5) by sin6 and cos6,
respectively,and subtractingthe secondrelation from the first yields

A = asin(® — «) (23)
where a and « are integration constants related to A; and A, via
Substituting Eq. (1) into Eq. (23), and also taking into account

v vl = p/r = 3u/r (233 (24)

which can be obtained with assistance of the equation for v, of the
system Eq. (1) and relationship Eq. (19), leads to the relationships

tana = A, /Ay,

v3 = Nyasin(9 — @), vy = \/Nz — N2a?sin*(@ —a)  (25)

where
=317 + A2
N, = p———
2= M 2

Then, usingEgs. (17) and (21), we find the componentsof the primer
vector as
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Ay = Nm(ﬂ/@) sin(d — «)
- (\/m/\/ﬁz)\/zv2 — N2a?si?(0 — o) (26)

To find a relationship between 6 and §, we differentiate Eq. (22) to
obtain

V3
—=tand —
r rcos?d mi

N, (v2 + 2
A‘—vzstan(SH{M—cﬂ -0
S

Solving for v, and comparing the result with the corresponding
relation in Eq. (25) yields

1«/_

Nyt + As tand + /A2 — A2
N, (v2 + v?
X M rcﬂ cotd =0
rcos? 8 m

When Eq. (25) is taken into account, & and v as a function of § are
found to be

0 — o = arcsin [(Nz/a)\/ (M/r)N3] 27
vy =/ /1 N3 (28)

where

N o sy sin® 28 — (s, 4 $5 c0os? 8 + 54 sin §)2
3 §5sin® 28

2
5 = %(—%j‘ + A“)Z, 5y 1= /A2 — 22 (—9at + %)
= =303/ = 22(323 +22)

(=9xt+1%)
4(-322 +22)

Nl‘n

54 0= Ahs u( 342 +22)7, 55 = A2 (29)

Therefore, the variables v,, vs, A2, and A3 can also be expressed in
terms of §. Substituting Eq. (28) into the equation for the angle § of

system Eq. (1) yields
r3 [ do
t—ty=/— | — (30)
‘ M N;

where #; is an integration constant. For determination of boundary
values for 6 and §, we can compute the derivative of Eq. (25) with
respect to time and compare it with the third equation for v; in
system equation (1). Following this process leads to

(vg/r) tan§

From this relation and using Egs. (18), (25), and (26), at 6 =0 we

have
vV NyNyacos(® —a) = 3MM/r2A2

=0 to &5, the angle 0 varies from

Nyacos(0 — a)(vy/r cosd) = A3 (cB/mdr) —

Consequently, as § varies from §;

. Ny . Ny
6, = arcsin > to 6, = arcsin—,/ — N3
NsN;a? a\r

where

Ny = 36u2)\f()\2 - )\f) — Nia’r*a!
Ns := 360232 (32 = A7) — Nora?

Let y denote the angle between the velocity vector and the axis
of the spherical system in the direction of increasing of 8, and let

n denote the angle between a projection of the thrust vector on a
tangent plane to the sphere and the axis of the spherical coordinate
systemin the direction of increasingof 6. These angles are given by

taﬂ]/:l)z/l)j;, tann:Az/A3

From Eq. (25), it follows that y =n+ /2. If N?a* = N,, then

y=68—38 +mn/2, n=23—25 (31)

It can be seen in Eq. (31) that for all IT arcs on a spherical layer,
the direction of the thrust force always remains perpendicularto the
direction of motion. Therefore, IT arcs on a spherical layer can be
described by Egs. (20), (23), (25-27), (30), and (31) in terms of the
independent variable §.

From Eq. (18), we see that A, can be negative. This implies that
the spherical trajectories obtained in this case can satisfy the nec-
essary condition of optimality* Also, from Eq. (18) it follows that
nonoptimal spherical IT arcs exist, which confirms the known ex-
istence results.>* Note that these solutions generalize the particular
solutions obtained with using the Levi-Civita method (see Ref. 8).
Indeed, for various values of the constants A, a, and « in Eq. (23),
one can obtain two sets of particular solutions. For instance, if the
problem of minimization of the characteristicvelocity is considered
(A =1), for magnitudes i, = & 7 anda =0, from Egs. (20), (23), (25),
and (26), we obtain the followmg particular solutions:

2
v =0, vy = —ﬁ7 v3 =0, r=ry
3r
o= |—2 (4o 5= 2 =0
"V 3r3cos? s 0 - *T
2+/2
)\.3:%—, )\.4:07 )\.5:07 )‘-620
Ifa=—2./(2u)ry at A, =1, then it follows that
v; =0, v, = \/—[1—3sm 0 —a)]

3 — ‘[ 1.11( ) § = arc iIl ( l.ll )
v — —s 0 —« s S —sinvy
) ro ,\/g

6L V1 —3sin’$
=\/=@0—1), 6=———+ta
r V3siné

Ay = ——=sin(f — a)

V3

2\/\/; g—sm 20 —a)

2 /2
As =0, A = —3 ol sin(@ — «)
r

From the solutions, we also find that

)\.3:

Ay =0,

m = mye™"", Ay = (ch/mg)e™’

where

ho :;L/rgc

Turning of Elliptical Orbit Plane via IT Arc

Consider the problem of turning an elliptical orbital plane in a
central Newtonian field. It is known that this problem can be solved
using one, two, and three impulses.' It has been shown thata maneu-
verusing an IT arc obtained by the Levi-Civitamethod is coincident
with one-impulsemaneuversand gives a considerablesaving of fuel
in comparison with a three-impulse manuever.® However, these IT
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Fig.1 Elliptic plane geometry.

arc solutionshave been obtainedfor only certain values of eccentric-
ity and components of the primer-vector. Realizing such transfersin
more general cases is a problem of practical interest. Here it will be
shown that the solutions for spherical IT arcs obtained in this paper
can be applied to solving the problem of turning an elliptical orbit
plane with arbitrary eccentricity. Components of the primer vector
depend on the initial conditions.

Consider the problem of turning the plane of an elliptical orbit
with an eccentricity e to angle oy with respectto the L H line which
is perpendicularto the line of nodes Ny N,, as shownin Fig. 1. Denote
the angle between the line of apsides A P of the initial orbit and the
line L H by v. The location of any orbit with respectto the equitorial
plane is determined by the angle of inclination i and longitude
measured from the vernal equinox. The initial and final conditions
are given in the following form.

Att=0:
v =0, Uy = Vyq, V3 = V31, r=ry, 0 =0,
8§ =6, m = my, i =iy, Q=Q (32)
Att=T:
v =0, Uy = Un, V3 = V3, r=ry, 0 =06,
8 =9,, i =i, Q=Q, (33)

As already noted, the maneuver of turning the plane can be realized
by applying one, two, and three impulses. If we denote the initial
orbit by /, the final orbit denote by /1 and if the impulse is applied
at the point H of the orbit /, then it can be shown that the following
formulas can be used to calculate the corresponding magnitudes of
the impulses in each case.!’

For one-impulse turning,

Av, =2/ /re(1 — &)1 — ecos ) sin(ay /2)  (34)
For two-impulse turning,
Avy = Avpr + Avy
where
Avy, =2uy, sin(i; /2),

vy, =24/ (n/p)(1 + ecosw)
vy =+/(/p)[1 + ecos(w + Aw)],

Avy = 2vy sin(i, /2)

cotAw = sini,/tanay
For three-impulse turning,

AU3 = AUH + AU23 + AU33

where

[ 1 2 .o
Av; = r—l( Trl/ro—vl—f—e), Av23=2v5sm7H
Aper — I3 \/l—e_ﬂ 2
AT ri/ro oV 1+r/rg
K (1 —e)cosi n_l-¢
vp = [———(1 — siy, -—=—
FVna+e Toon 1+

where ry is the radius of the sphere, r, /7 is the ratio between the
perigee range and apogee range, e is the eccentricity of the initial
ellipticalorbit,and e’ is the eccentricityof the transferorbit. The two-
and three-impulse maneuvers containone and two elliptical transfer
orbits, respectively.”® For example, the correspondingtrajectory for
the three-impulse maneuver consists of 1) the initial orbit, 2) a half-
period first elliptical transfer orbit that lies in the plane of the initial
orbit, 3) a half-period second elliptical transfer orbit that lies in the
plane of the final orbit, and 4) the final orbit that starts at the perigee
of the transfer orbit. The orbital transfer geometry of the maneuver
via IT arc is simpler than these impulsive maneuvers and contains
the initial and final orbits connected by the IT arc. More details on
impulsive maneuversand derivationof the formulas for the impulses
may be found in the work of Ehricke.!® These formulas will be used
subsequently to compare dimensionless characteristic velocities of
the impulsive maneuvers and the maneuver using IT arc. It will be
assumed that the locations of the spacecraft on the initial and final
orbits are not fixed, and therefore, the structure of the trajectory is
defined to be NT-IT-NT.

It will be shown that the transfer from orbit / to orbit /1 can be
realized via a spherical IT arc described by the solutions given in
Eqgs. (20), (23), (25-27), (30), and (31). According to Eq. (24), the
velocity on the IT arc is constant and less than the local circular
velocity and v; =0. Consequently, motion on the IT arc will be
started at the apogee A; of orbit / and completed at the point A,
of orbit /1. At point Ay, the thrust of the engine is applied and its
magnitude, taking into account the law of changing mass Eq. (20),
is determined by

F = (3;L/r§)\)mge’h’

The directionof the thrustforce on the IT arc is determined utilizing
Eq. (26). The sphericalcoordinates@ and § of initial and final points,
that is, points A; and A,, of the IT arc depend on the terminal
conditions Eqs. (32) and (33) and the turning angle o, . If we denote
an angular distance of the spacecraftfrom the ascendingnode in the
orbital plane u, then the following relations are valid:

up =m/2+ Y, U =up+y (35
For a spherical triangle, we have
sinuy = sini;/sini, (36)

If we consider that between the angles ay, i1, i, and AA the rela-
tionships

sini; = tanay cot AA, sinay =sini;sinAA  (37)

are valid, then using

sini, = sinay (38)
: sin[arctan(tan ay / sini;)]

we can rewrite the second relation of Eq. (35) taking into account
Eq. (36) in the form

ini; sin[arctan(tan ini
u, = arcsin sin?, sinf (tanay/sini,)] +vy (39)

sinay

Using Eq. (35) and Eqs. (37-39) and the relationships

sind = sini sinu, tan(0 — ) = cosi tanu (40)
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yields the formulas for determining the spherical coordinatesof the
initial and final points of the IT arc:

0, = arctan(cosi tanu;) + Q;
6, = arctan(cos i, tanu,) + 2,
8, = arcsin(sini, sinu,) (41)

8, = arcsin(sini; cos ¥r),

where Q, = Q; + AA and the angle AA, as follows from Eq. (37),
is determined by

tan AA = tanay /sini, (42)

The components of the velocity vector of the spacecraftat points
A and A; in the spherical coordinate system are given by

% cosi; % cosi,
vy =,/—(1—¢) , v =,/—1—¢)
o cos & o cos d;
% sini; cosu;
vy =,/ —(1 —e)———
ro 00881
% sini, cosu,
vy =,/ —( —e)——— (43)
o cos 4,

where the angles u;, 8;, u,, 8, and i, are related to the terminal
conditions and the angle «y; by Egs. (35), (37), (38), and (40).

To conclude the development of the analytic solution, we deter-
mine the remaining constants that exist on the IT arc. Equating the
right side of Eq. (24) to the velocity at the initial point of the IT arc
[calculated using the first two formulas of Eq. (43)] yields

Furthermore, equating the values of velocity v; at the initial and
final points and taking into account Eqs. (25) and (43) leads to

sini; cosu
Niasin(@, — ) = lﬁ(l _e)u
o 00881
sini, cosu
Niasin@ — ) = |21 — ¢)2R220502 (45)
o cos

from which it follows that
sinf; — A sin6,
tang = ——mm8
cos6, — A cos6,

sini; cosu,

n
a= [—(1—e) -
o N, sin(0; — &) cos §;

sini; cosu cosé,

where

sini, COS U, COS &)

From Eqgs. (27) and (45), we have

iy /sy sin® 28, — s 5in%(6, — &) Sin® 28, — (s, + 55 cos? 8,)

o S Sin 8,

s

where sy, 55, and s3 are determined from Eq. (29) and

_ Ao (_3)‘%0 + )‘5)55

3
, = (=322 +22)?
933 (12— 12,) =k +49)

The time of the maneuver start is computed by

55 sin? 28
ds

T = rgu/

515028 — [52 + 53082 8 + Ahsy/ou (=343, +42)

3
2

sin 8]2

22 cos? i) + sin’ i| cos? - . . . .
o= —=2[1—(1— e)]|: l > l v (44) The characteristic velocity required for turning of the orbit plane
3 cos? g, can be determined by
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Fig.2 Time vs turning angle for various values of longitude.
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3
mo 3h10vn s, sin® 28 — [sz + 55c0828 + )»)»5«/r0/u(—3)»f0 + Ag)z sin(S]2
AV =clhl — | = — dé (46)
mr M1 —e S5 sin” 28
If the problem statement is to minimize the characteristic velocity, between the lines L H and A P, and the longitude €2, e, and A;. This
that is, if ratio has been calculated for the following values:
T = cla(mg/my) ro = 10,000 km, e, =0.22, 008<e<0.1
0<Q<1.0, 5<i <25, 346 <y <348

is considered, then from the transversality conditions, we have
The computations for e>0.1, oy <10, ay >65, i>25,
¢ aJ ¥ < 34.6, and ¥ > 35 are associated with significantly high val-

A= my As = 30, 0, Ao =1 ues of the characteristic velocity, as shown in Fig. 3. Figure 4
shows the relationship between A; and the initial orbit eccentric-
Thus, Eq. (46) can be integrated in terms of elementary functions ity, e. Note that, for comparison purposes, the formulas for com-
resulting in putation of the magnitudes of the impulses for the one-, two-, and
three-impulse maneuvers use the following values of parameters:
AV = vy[d, (6, — 0,) + dy(cot 20, — cot26,) + ds(cotf; — cotH,)] i=10, =0.6, ¥ =34.75, and ¢=0.085. It is assumed that if
one of these parameters is varied, the other remaining three pa-
where rameters remain fixed as indicated in Figs. 5-9. The results of the
_ 3)\,101)1.1 P _ 3)\,101)1.1 P
4 4ssho/1 —e(sl +s3)’ % 255004/ 1 —es2 °
02 1
3)»10 Uy 2
d; T (2s2s3 + s3) 01 b ]
ot ]
When these results and Eq. (20) are used, the flight time on the IT
arc is 01 1
. rirAV Y 1
3k 03| ]
Figure 2 shows the relationship between the flight time and oy for 04p 1
various values of Q (=) at fixed i = (i), ¥, and e. As already 05
indicated, the corresponding spherical IT arc satisfies the necessary T Ao = 1 R
conditions and end conditions and therefore may be considered as 06 | cos 'y =1/2 - cotiy4 + 7/6
an extremal of the variational problem.

The ratio of the characteristic velocity required for one-, two- and iy 05 . : : : : :
three-impulseturning, and turning via the IT arc to the local circular ’ ’ 03 04 03 06 07 08 09
velocity depends on values of parameters such as turning angle oy, €
the angle of inclination i of the orbit to the main plane, the angle ¢ Fig.4 Turning using an IT arc with Ao = 1.
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Fig.3 Ratio Avir/vy vs turning angle oy at higher eccentricities.
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Fig. 6 Ratio Avyr/vy vs turning angle oy for various eccentricities.

computations that reflect the main characteristicsof the IT arcs and
the dimensionless characteristic velocity are as follows:

1) Increasing angle i leads to an increase in the ratio A Vir/vo.
This dependency is shown in Fig. 5. Computations of the ratio for
the one-, two-, and three-impulse maneuvers show that using the IT
arc is more effective than the impulsive maneuversif 10 <oy <40
and 0 <i <15 at the fixed €2, v, and e given in Fig. 5.

2) Figure 6 shows thatthe ratio A Vit /vy increasesas oy increases
and e decreases. Turning via an IT arc is more effective than impul-
sive maneuversif 0 <e <0.1 and 10 <ay <52.

3) As mentioned earlier, the angle ¥ changes within a small inter-
val. As seen in Fig. 7, this behavior leads to a significantly decreas-
ing ratio A Vi /v, that can be seen especially within 62 < «y < 65.
Computations show that a maneuver with an IT arc in this interval
of ¥, while other parameters are fixed, is more effective than all
three impulsive maneuvers.

4) Analysis of numerical results indicate that somewhat higher
values of AVir/v, may be obtained if 2 is varied within the in-
terval 0 < Q <1 while oy changes as the independent variable
(see Fig. 8). In this case, comparisons of the dimensionless char-
acteristic velocities show that maneuvers that use an IT arc are
more effective than all three impulsive maneuvers if 0 <2 <0.2
at 10<ay <65; 0<Q<04 at 10<ay <55; 0<Q<0.6 at
10<ay <45; 0<Q2<0.8 at 10<ay <35; and 0<Q<1.0 at
10 <ap <25. In particular, comparison of dimensionless charac-
teristic velocities vs turning angles for the maneuvers using IT arc
and one, two, and three impulses is shown in Fig. 9 for the values
of all parameters indicated earlier.

5) The spherical arc with intermediate thrust is compara-
ble when 22 <y <23, 0.1<e<0.9, 20<y <70, and =0,
10 <i < 80. In these situations, the IT arc can replace the impulsive
thrust.
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6) Using an intermediate thrust arc may be more effective
than using a two-impulse maneuver for oy <25, 0.1<e; <0.9,
Q =k(/2),k=0,1,2,...,10<¢ <90, and 10 <i <90 and is
comparable for 25 < ay <30.

7) Using an intermediate thrust arc may be more effective
(or comparable with) a three-impulse manuever for 5 <ay < 60,
0.1 <e<0.3,10=<i <90, 10 <y <40, and —360 < 2 < 360.

8) The other values of parameters can be used to compare the
ratios of Av/vy. The corresponding computations show the fol-
lowing main characteristics in the behavior of characteristic ve-
locities in each impulsive case, namely, Av,, Av,, and Avs. If
i is increased then Av; =const, Av, is increased and Av; is de-
creased. The functions Avy and Avs remain unchanged,and Av; is
changed by a small amount whereas €2 is increased within the inter-
val 0 < Q2 < 1.0. When e is changed within 0 < e < 0.1, the function
Av; is decreased and Av, and Awvs are increased.

Some other results of computations involving different values of
parameters with different intervals are as follows.

9) There is almost a linear dependence between oy and A Vir /vy
for 2 =30 and 120.

10) For any values of e, i, and i, there are discontinuities in
values of t,, AVir/vg, my, A7, and 0; = k(7 /2),k=0,1,2, ..., at
10 <y <60 and 10 <i <90. In particular, for AVir/vp, they can
be seen in Fig. 5.

11) AVir/vy <0 at 0 < ay < 22 for any values of e, ¢ =25.28,
and 2 =0.

12) As the numerical analysis shows, for the case when i = 30,
Y =30,2=0,e=0.1,25 <ay <85, we have

0.0026 < AVir /vy < 0.02

with flight time #, =2.048 s, which means that using the IT arc is
more effective than using an impulsive maneuver
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Conclusions

The variational problem on determination of optimal trajectories
of a spacecraftin the central Newtonian field has been considered.
Extremal analytical solutions for intermediate thrust arcs that lie on
a spherical layer have been obtained. It was shown that the spherical
IT arcs can be used to solve the problem of turning an elliptical orbit
plane with arbitrary eccentricity. From the point of view of fuel
expenditure, in certain terminal conditions a maneuver of turning
an elliptic orbit plane via an IT spherical arc may be more effective
than the cases of one-, two-, or three-impulse maneuvers.
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